
Math 565: Functional Analysis
Lecture 9

Real Reisz representation theorem. For an lett space
X

,
CoIX ,

IRI* ERMIR(X)
,

more precisely ,
the

map P1 Ip
: RMp(X) < CoIX

,
IR

*

is an isometric isomorphism.

We prove this by splitting bod linear functionals into differences of bod positive linear
functionals. A linear functional I : CoIX

,
1) -> D is called positive if I/f) > 0 Whenever

+ 20
,

for all te Co(X,
4) ; same with R instead of I.

Jordar decomposition for linear functionals .

Let X be any top. space. Every IEColX ,
I* decomposes

into a difference I = It-l- of positive E+,I-E2oX ,
IR)*

Proof .
For all nonnegative to CoIX,

IR)
,

we define

I
+ (f) : =

sup (Ilg) : 0 =

g = ) .

(i) Node that It/fl-O becase we can take y
:= 0

,
10 I/g) = 0.

(ii) Beame for each ye Co(X
,
1) with Oegef ,

we have (Ilg)) : Hill . Ilgllu III.I/Alla,
we have /If))lIfIlu coll If 11 = 1/III.

(iii) For -0
,

F
+ (f)=R I(y)

= ccpIy) = If
g

(iv) I + (f, +f) = I+H ,) + I
+(f) .

Propf
. In (fitfa) [tfil + 1 + Ifz) bene if gifts then gitye fitte . Conversely ,

if

Page fithh Men take 8 := min 19 ,
fil g ,

10 g:g-g ,

20
,
and get pag, f,

if g ,
(x) = g(x) When ge(x) = g(x) -

g ,
(x) = 0 = f

- (x) ; and

if g ,
(x) = fi(x) When g ,

(x) = g(x) - f, (x) = f
, (x) +fz(x) - f

, (x) = fz(x) .

Here

# (Ethk- [(g ,

) + 11g2) = F(y)
,

so Ftfl +Elful-sup Fly) = Fefitful in

For eColX
,
IR)

,
let f = Ex-f- be the unique decomp . inde +

,
E-s-0

,

and define

# (f) : = [
+ (f+) - [

+
(f)

.



By (i) ,
If If)- O If EorO

,
and by (iv) It is additive . By liil for CO , we

have

#+ (cf) = [
+ (2 f+)

- I+ (f) = c (t+ (f) - F+ (f-1) = cI+ H) ,
and

I + (- f) =(y) - f+ + f) = E+
(f- f) = I+ (f) - [ + (f +) =

- (E+
(f+) - |

+ (f)) = -I+ (f)
,

so It is a positive lineur functional. ↓
F

+ (ft) , I+(f)- 0

Furthermore
,
(I

+
(f)) = /Ift)-[n(f)l = max( Fef) ,

Elmax Ill Fella
, 11f-1a)

= IIIII . 1/fll
, so 11 It11 : IIIII .

Now set I.:: IF I ,
so I-E Co(X

,
IRI* and we show that In is positive .

For Fed ,
F - (f) = [(f) - [() = xp[(y) - I(f)

=p(ty)
-F=pFg-

= If = On
053 ! -

Thus it now suffices to prove that every head positivenear functional on CoIX
,

IR) comes

comes from an unsigned Radon measure on X
.
We proving a slightly more general :

Positive Reist representation theorem .
Let X be an lett space. For

every positive linear funce
tional Ion C

. (X) ,
Mere is a unique cunsigned) Radon measure Mon X with FIn.

Moreover
,
for all open UEX

and compact K=X , M schsfies :

(U) M (v) = sup[[(f) : 01f = 1 and ippfU ,
FEC (X)3 ;

fl

(Rk) M(k) = inf (IIt : =Ap ,
fe( (x)) .

Remark
. Every bod linear functional on C

. (X) extends uniquely to a bold lin functional

on <(X) = Co(X) by the HW question ,
so this statement with G(X) is more general than it would be

with Co(X) .
In fact

,
it is stricts more general as the following example shows .

Example .

Let X : = IR and let Il : = Jdx
,
the Riemann integral of f .

This doesn't extend he

to a positive linear functional on ColIR
,
IR) become then If = & fo fix = Ge if xu

E CoLIR
,
IR)

max(x, 0) ifx
bense If Elga)=n for some uniform approximation (gn) = C (I

,
IR).

Note that F = I
,

where I is lebesque measure
,

so the positive Reisz representation says that one



can define Lebesque measure solely from the knowledge of Riemann integral

Proof of uniqueness . Suppose that F=Ig for some Radon measure m on X
. By outer regularie

ty of M ,
it suffices he show that I determines therakes of

m
on open

sets. Thus
,

it's enough todow Mat (RU) holds
.
To this end

,
note that if fall then

I(f) = In(t) = Fr(1u) = M(u) so MSUK-I(f) . Conversely ,

the fighten of M on U

gives for each ECO a compact net KEU with M(K)* > M(U) so by Krysohe
we get Ip Fall ,

hence M(K) = Fultr) = In() = M(U) ,
so Fulf = Ilf =M(l) .

Proof of existence. For each open UEX ,
we define M(u) by HU)

,
i

.
e.

M(u) : = <up ( I(t) : +qu
,
f(((x))

.

We then define an "outer" measure i on all sbrets BEX 4
(B) : = inf(M(U) : U = B open).

Observe that for open UEX,
E (4)= M(U).

Clima (key point) . E is othly subadditive ,
i

. e. if B= VBn Ken (B) (B)
nE11)

Proof
.
It suffices he showthlbaddibril for

open U = WUn ,
Un open since for arbit.

~ EIN

vary B = Bu
,

let USB be open and Un ? Bu be open and such ht M(n) =MBu)
-> 3 . 2- k4E and also WLOG U

.
EU

,
so suppose WLOG ,

U= V Un .
Then

/

↑ (B) = M(u) = [M(un) = ZrM(Bal + 2 s . 2- 1) : ZECBul + 2.
N

NEIN HEIN U

Now for U = (U all open ,
let fall and K = suppl . So YDubue is

an open cover of
,
hene by compactnes , there is a finite subcover [UnbucN.

let (frinci = CIX) be a partition of unidy subordinate he Malnair
,

i . e
. futur for

all <N and [In > 1k . By positivity of I
,
I is monotone

,
so felr = If

implies [(f) If2) ->M(U)Mru) , here(b)
<N

<N

Recall that we call a set AXE- conservative /or Caratheodory measurable
if for all BEX

, (A)= (B1A)+ (B(A) .



The proof of Curatidadory's extension theorem shows that if t is atbly subadditive and (d) = 0,
then Fe conservable rt form a t-algebra Y and in is a setbly additival measure on 3.

Claim. Open nets me in-conservative ,

here 52 B(X) so his a Bor measure on X.

Proof
. Let BEX and UEX be open . Need to show (B)= (B1U) +↑(B(U)

because we already know - by cabadditivity .
Let VC B be open such Not (i) as

M(V) ,
so it's enough to show u(V) = MIVU)+ vice) sincerentulouse

(1147+ (B(U)
letFaVed with Mirenive ICA) .

Then putting K= suppl ,
VIK is open

and

↑ (V(K) : AIVIU) .
Let gsVIR with MIVIK) Ilg) ,

and fegaV ,
here

M (v) = I (f + y) = (f) + [(y) =zM(V1u) + M(V(k)- M(v1u) + E(v(u) .

Denote M : = ElB() , 20 M is a Bonel measure
. By definition

, u
calisties (*U)

,
and is

outer regular by te definition of .
Furthermore

,
14K) holds by approximating a given compact

REX with an open U2K and using Krysohd to get an FtG(x) with Are FUR.

#*U) and (*K) together also imply that M is Lightyand finite on compact sets, heave a

Radon measure .

on open satz

It remains to prove that I= Im ,
for which it is enough to show Ill = Fult) for

all fe (
, (X,

[0
,
13) since this st linearly spans Cr(X,

4)
.
One does this by taking

a layered cabe decomposition off similar to the proof that every measurable gart is

an increasing pointwise limit of simple functions) ,
f-IFi

,
and dowing that both IWi

is
and In (fi) are lightly sandwiched between the receues of the it and l-ph lagers ,

heare they must coincide since the error is arbitrarily small.

QED


